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ABSTRACT.--A growth model useful to the forest geneticists
should have the following five P's: (1) perfection of fit
to the data presented, (2) predictability of growth poten-
tials, (3) possibility of inference based on parameter
estimates, (4) power of discrimination among seed sources,
and (5) persistency of regression coefficients over time.

To illustrate, the function of ln(HT) = BO + B1/AGE +
B2 ln(1 + 1/AGE) was fitted to the height growth of 15
seedlots of loblolly pine in a south-wide study. The
degree of determination was 0.999 at least. The five-year
and the ten-year projections were low by 3% and 5% respec-
tively. The regression coefficients BO, B1 and B2 were
highly significant among seedlots. When the three growth
periods were compared, the coefficient of variation for the
regression coefficients was less than 5%.

Additional Key Words: Growth projection, Model verifica-
tion, Growth curve discrimination

INTRODUCTION

The mathematical characterization of growth is among the
oldest scientific pursuits. Indispensable long-term planning in
forestry requires reliable information about the growth of forest
stands. A wide array of growth and yield models ranging from
whole stand models to individual tree models has been developed
for southern species.

Genetic field tests are subjected to many uncontrolled
disturbances. However, height of dominant-codominant trees is
much less dependent on density and therefore is a better measure
of inherent growth differences. Growth and yield models can be
used to translate differences in dominant-codominant height into
stand differences expected in the absence of uncontrolled disturb-
ances (Nance and Wells 1981).

Foresters have long used the mean height of dominant-codomi-
nant trees for site index, as a universal measure of the potential
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productivity of forest land. Thus, a further improvement in
precision for measuring genetic differences in growth rate would
be removing the site effect and provenance by site interaction by
using the regional mean from many plantations.

Suppose that we have determined to use the range-wide mean
height to assess genetic differences, the question still remains
with us as to which growth model should we use as a base for
comparison.

Before growth models can be evaluated, one must outline the
criteria for model selection. We believe a useful growth model
should have the following characteristics:

1. perfection of fit to the data presented,
2. predictability on growth potentials,
3. possibility of inference based on parameter estimates,
4. power of discrimination among seed sources, and
5. persistency of regression coefficients over times.

In this paper, we use data from the loblolly pine south-wide study
to illustrate such desirable properties of a growth function.

SOUTH-WIDE LOBLOLLY PINE SEED SOURCE STUDY

Complete details of the Loblolly pine experiment are given by
Wells and Wakeley (1966). Fifteen seed sources are represented
and 16 plantings survived after 25 years in the field.

Measurements of total height were made at various ages from 1
to 27 years. However instead of using only the dominant and
codominant trees, we used all available trees measured in 3, 5,
10, 15, 20, and 25 years to calculate the mean height growth for
each seed source. The reason for this selection is based on
statistical and not on silvicultural ground. The statistical
property of dominant and codominant trees is close to the extreme
number distribution while the average height is close to the
normal distribution. The latter is much easier for data analysis.

The south-wide regional means of the 15 seed sources are
listed in Table 1. The mean standard deviation and the coeffi-
cient of variation are also presented.

GROWTH FUNCTION

Nonlinear growth functions have been proposed for total
height. The monomolecular function is useful for site index
curves for age 20 and older which show no point of inflection
(Lundgren and Dolid 1970). Richards' curve gives a good fit for
both height and volume growth of Douglas-fir provenances
(Namkoong, Usanis, and Silen 1972). The Weibull function can
describe the growth of trees and stands (Yang, Kozak and Smith
1978). However, we are in favor of linear models over nonlinear
models because linear models give rise to unbiased, normally
distributed, minimum variance estimators, whereas nonlinear
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regression models tend generally to do so only as the sample size
becomes very large (Ratkowsky 1983). With only a total of six
data points we are not very comfortable with the results of a
nonlinear model. Therefore, to illustrate that the five desirable
properties are obtainable, we use the following curve with an
intrinsically linear combination of parameters:

ln (HT) = BO + B1(1/AGE) + B2 ln (1 + 1/AGE),
where ln is the natural logrithm transformation and BO, Bl, and B2
are coefficients to be determined by regression analysis.

The function provides precise description of observed data
points and provides trustworthy predictions. The function is
differentiable and is applicable to many growth and yield charac-
ters in life sciences (Kung 1984).

PERFECTION OF FIT

Growth is a continual process but it may be subdivided into
stages. Tree physiologists indicated that growth consists of
division elongation, differentiation and maturation of cells
(Kozlowski 1971). Forest geneticists divided stand development
into juvenile-genotypic, mature-genotypic and codominance-suppres-
sion phase (Franklin 1979). Forest biometricians believe that a
growth curve begins at the value of zero, climbs slowly at first
and then more steeply. After a turning point, the increment
diminishes and then asymptotically moves towards some final value
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(Prodan 1968). Thus a growth function should act like an adjust-
able ship curve used in drafting that fits all data points through
various stages equally well and not just for a single stage. For
example, a polynomial, as well as the simple exponential function
may fit a part of a growth series better than the more complex
nonlinear models, but may have a poor fit elsewhere.

In the paper, three periods were used for comparison: (1)
age 3 to 15, (2) 3 to 20, and (3) 3 to 25. The F value, the root
mean square of error and the coefficient of determination are used
to judge the fit of the model.

The F values ranged from a minimum of 3040 to a maximum of
999999 (Table 2). All models were significant at the 0.0001
probability of error.

The root mean square of fitting errors ranged from a minimum
of .001 to a maximum of .029. On the average the fitting error
was .009 for the 3 to 15 year period and increased to .019 for the
3 to 25 year period. The average for the three periods was .014.
For small values of e, we have approximation of Exp(e) = 1 + e.
Therefore, the small size of the error term represents the rela-
tive error. In other words, the percent of error for the 3 - 15
year period would by only .9 percent, corresponding to the average
RMSE of .009. The average of the relative error for the study is
1.4 percent.
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The coefficient of determination ranged from 0.9997 to 1.000
among 45 regression models. It may lead one to wonder whether a
perfect fit has been achieved.

PREDICTABILITY OF GROWTH POTENTIALS

One of the most rigorous tests of a fitted equation is cross
verification with a second sample taken at another time (Daniel
and Wood 1980). Because this is impossible, we have used a
longitudinal verification for the growth curve. First, we devel-
oped regressions based on 3 to 15 and 3 to 20 year periods for
each seed source. The second step was to project the height at
age 25 from each regression. The final step was to compare the
projected and the observed height. The results are presented in
Table 3.

All projections were lower than the observed heights. The 10
year projection was low by 2.8 feet or 4.7 percent; while the 5
year projection was low by 2.0 feet or 3.3 percent. However the
standard deviation of the three groups were the same. The projec-
tions were as precise as the observations even though the accuracy
may be off a little. The standard deviation for the relative
error rate were 1.6 and 1.3 percent respectively for the 10-year
and 5-year projections.

The bias in projection is not the fault of using transforma-
tion. The transform of the expected value does not equal the
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POWER OF DISCRIMINATION

If simple functional differences among genotypes were exis-
tent or nonexistent, a growth function should have the power of
discrimination to prove or to disprove the differences in growth
form. By fitting the mean height from age 5 to 55 years old of 13
populations of Douglas-fir in Wind River, Oregon, Namkoong, Usanis
and Silen (1972) found that the parameters A, C, and m of the
Richards' function were nonsignificant among populations. Using
the Weibull function to quantify sweetgum germination, it was
found that the coefficients b and c were significant among fami-
lies within the stand, but all of the three coefficients (a, b, c)
were not significant among stands (Rink et al. 1979). The signi-
ficant difference in a given parameter indicated that selection in
that characteristics of the growth curve may be possible. On the
other hand, no growth rate can be selected if all growth curves
are the same.

expected value of the transform, although they are crude approxi-
mations of each other (Kruskal 1978). The percent of bias calcu-
lated according to the formula given by Wiant and Harner (1979)
was less than 0.04 percent. Because of the small error variance
in the regressions, the adjustment of the prediction (Baskerville,
1972) offered little reduction in the bias. This large and
consistent bias needs to be rectified by adding 3 percent to the
5-year forecasting and 5 percent to the 10-year forecasting.

POSSIBILITY OF INFERENCE

Growth potential and growth rate are of interest to the
forest manager. The function ln(HT) = BO + B1(1/AGE) + B2 ln(1 +
1/AGE) indicates that the asymptotic height should be near the
value of Exp(B0). For example, the maximum value (9.334) for BO
among 15 seed sources was found in provenance 305, therefore the
asymptotic height would be Exp(9.334) x .01 ft. = 113 ft. On the
other hand, a minimum of BO in seed source 327 indicated that the
average asymptotic height could be 92 ft. Notice that the average
height at age 25 for the complete study is 60 feet, the average
site index for the complete experiment could be estimated as 90
ft. at age 50. Which is the average site for loblloly pine.
Trees at that site grow slowly after 50 years of age, hence our
estimate of asymptotic height seems to be reasonable.
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The functions presented in this paper have great power of
discrimination among seed sources of loblolly pine. All three
coefficients BO, Bl and B2 are significant beyond the 0.001
probability of error (Table 5). The repeatability or provenance
heritability calculated from the F value (Kung and Bey 1978) was
0.98 for each coefficient.

PERSISTENCY OF COEFFICIENT

A good growth curve should be relatively independent of the
range of data base. If the growth curve developed from the
juvenile growth period were the same as that developed from the
complete life span, we would be more successful in making early
selection.

The persistency of coefficient in the three periods (3 to 15,
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3 to 20, and 3 to 25 years of age) is evident in Table 4. The
average coefficient of variation among three periods was only .29

% for BO, 5.4 % for Bl and 4.2 % for B2.

As the range of ages becomes wider, the absolute values of
the BO, Bl and B2 also increases. The differences are significant
beyond the 0.001 probability of error (Table 5). Although one
would like to have a constant regression coefficient throughout
the years if possible, the second best would be that for any given
parameter, it may differ from one period to another, but it should
vary in a predictable manner.

The persistency of coefficient can be shown also by the
correlation coefficient for BO, B1 and B2 among three periods
(Table 6). All correlations are significant at the 0.001 level.
From the period, of 3 to 15 years to the period of 3 to 20 years,
the Bl increases by 6 % and the B2 increases by 4 %; while from
the period of 3 to 20 years to the period of 3 to 25 years both Bl
and B2 increases only 2 %.

DISCUSSION

Many growth and yield models are available to tree improve-
ment workers. From a practical point of view we recommend the 5-P
criteria for model selection. However, we have not assigned any
weight to each criterion which may differ from one program to
another.

We use the range means of the seed source and not the indivi-
dual tree in hope that if all the environmental errors could be
averaged out we would have a more accurate evaluation of the
performance of the growth model as well as the genetic difference
among seed sources.

The function used for illustration is almost ideal in the 5-P
criteria. However, we are still searching for a perfect curve
which is totally independent of the age range. Would it be
possible to have a model which regression coefficients are change-
less between any period range from 1 to 100 years? or is it an
impossible dream?
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